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The usual  normal  equat ions of the  least-squares m e t h o d  
are l inear in the  changes in the  variables  since they  are 
der ived from equat ions of condit ion which  are in l inear 
form. The reduct ion  of these equat ions of condit ion to 
l inear form involves an approximat ion,  name ly  the  ter- 
mina t ion  of the  Taylor-series expansion of the  known 
functions in te rms of changes in the  variables a t  the first 
der ivat ive  terms (Whi t taker  & Robinson,  1944). Par-  
t icular ly in the la ter  stages of the  ref inement  of a tomic 
coordinates,  this approximat ion  does not  lead to serious 
errors. I t  will be shown below, however,  t h a t  the  usual  
normal  equat ions cannot  be used in the  first re f inement  
of the  s t ruc ture  found by  Roof  (1955) for K A s F  e. On 
the other  hand,  modif ied normal  equations,  derived from 
the Taylor-series expansion,  in which a second der ivat ive 
t e rm in one of the  variables is re ta ined,  prove to be 
effective. 

A s u m m a r y  of the  crystal  s t ruc ture  of KAsFs,  as 
de te rmined  recent ly  by Roof (1955), is: 

KAsFe:  C~ai-R3 (from Weissenberg photography)  ; 
a ----- 7.352, c = 7.235 A (hexagonal);  Z = 3. 
As in (a), K in (b), F in (f) wi th  x = 0.117, y = 0.234, 

z ---- 0.152, as de te rmined  from Four ier  project ions 
based on powder  da t a  out  to 0Cu = 40 °. 

I t  is reasonable to assume, bo th  from s t ruc tura l  con- 
siderations and  from the  general  agreement  be tween 
observed and  calculated intensit ies as given by  Roof,  
t ha t  the  heavy-a tom positions he describes for KAsF  e 
are correct,  t towever ,  a serious objection to Roof 's  work  
is the fact t ha t  his Four ier  ' ref inement ' ,  which was based 
on powder  data ,  had to lead to the  condit ion y ---- 2x, as 
required by  the space group ])~d-R3m, since wi th  powder  
da ta  it  is impossible to dist inguish R3 from R3m. Thus,  
Roof did not  refine the s t ruc ture  in the  space group he 
proposed. Moreover,  Roof found an R factor  of 0.19 (see 
below) for a s t ruc ture  in which the heavy  a toms are fixed 
by  symmet ry .  I n  view of these facts it is unreasonable  
to assume tha t  the  fluorine positions given by  Roof are 
reliable. As far as is known,  KAsF  6 is the  first solid to 
be s tudied by  X-rays  in which there  is an  ;As-F bond 
distance.  I t  is of interest ,  then,  to establish this distance 
accurately ,  if possible, by  a proper  ref inement  of the 
fluorine positions. For  this purpose the  least-squares 
m e t h o d  offers m a n y  advantages  over other  methods  of 
ref inemcnt ,  such as Four ier  techniques.  An impor t an t  
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advan tage  in this par t icu lar  case is the  fact t ha t  a least- 
squares procedure  can be applied separate ly  ei ther  to the  
s t ructure  in /~3m or in R3, whereas  wi th  powder  d a t a  
Four ier  techniques  are applicable only to s t ructures  in 
R3m. Moreover, all the  da ta  can be uti l ized in the  least- 
squares method ,  whereas  the  high degree of overlap of 
the da ta  is a severe  handicap  to the  use of Four ier  tech- 
niques. I n  KAsF  6 forty-six reflections contr ibute  to the  
t w e n t y  lines observed on the  powder  pho tograph;  only 
eight of these lines result  from single reflections. 

In  order to carry  out  the least-squares ref inement  we 
define the funct ion a i as a i = ( Z  PiiF~i) '/~, where the  

i 
sum is over each reflection i having calculated s t ruc ture  
factor  Fii and  mult ip l ic i ty  Pii which contr ibutes  to the  
observed intensi ty  I~. Our object  is to minimize the  
quan t i ty  Z w1 (I] /~-  Gi) ~, where  1 i is the  reduced intensi ty,  

t ha t  is the  observed in tens i ty  I~ corrected for such effects 
as the Lorentz  factor,  the  polarizat ion factor,  and  ab- 
sorption. The quan t i ty  we wish to minimize is analogous 
to ~,w(hkl)(IFo]--[Fcl) 2, whose minimizat ion  for the re- 

hkl 

f inement  of a tomic  coordinates was first suggested by  
Hughes"  (1941). 

I t  is not  difficult to  prove t ha t  for R3, as long as 
y = 2x, the aG/Ox, which arises from the  l inearization 
of the  equat ions of condit ion is ident ical ly  zero for all 
powder  lines. The result ing normal  equat ions will con- 
rain no Ax terms.  If  2x is only approximate ly  equal to y, 
a large spurious shift in x m a y  result  because the  te rms 
~Gj/Sx are relat ively small. (That is, Z (~Gi/~x)2 m a y  

J 
not  be m u c h  larger t han  ~ (~Gi/ax)(I]l~--Gi).) Thus, to 

i 
s tar t  wi th  a small, a rb i t r a ry  shift in x is not  a general ly 
useful way  of a t t ack ing  the problem. Ra ther ,  a successful 
least-squares ref inement  m a y  be effected by using normal  
equat ions which  are based on equat ions of condit ion 
whose Taylor-ser ies  expansions re ta in  the  te rms  
½(82G/ax~)(Ax)% Since 8G/~x-  0, the  result ing normal  
equat ions are quite similar to the  usual  ones. In  fact, 
rep lacement  of (Ax) ~" for (Ax) and  of ½(O2G/ax ~) for (OG/Ox) 
are the  only changes. I t  is immedia te ly  evident  t ha t  these 
modified normal  equat ions will not  lead to a unique deter- 
ruination of x, since if (Ax) 2 = C, then  Ax = ± C~/~. This 
is jus t  wha t  one expects,  however ,  for there  exist two  
equivalent  sets of parameters ,  namely  xl, y , z  and  

Table 1. Least-squares 
First refinement R3 Parameter Initial 

x 117 134 100 
y 234 229 
z 152 148 
B 1 0 ' 5  0 " 2  

BF 2.7 2.1 
J 

1 1 ~__Oi)~ 1320 888 944 ~-2/(Z/ / 
R 0.09 0.06 0.06 

refinement of K A s F  e 

Final refinement R3 
Final refinement R3m ^ 

"13 S-q- 607 089 q- 007 113 q- 006 
227±005 227=[=005 - -  
147 ± 005 147 ± 005 147± 0(~ 
0.2 0.2 0.1 
2-1 2.1 2-0 

774 774 806 

0.050 0.050 0.05t 
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x~, y, z, where x l+x2 = y, which are related by a 30 ° 
ro ta t ion  of the  a axes in the  a -a  plane. Because both  
sets  lead to identical interatomic distances and identical 
powder  intensities, we need only consider one set. Ac- 
tually,  bo th  sets were refined, for the condit ion x 1-bx2 = y 
in the  final parameters  serves as a convenient  check on 
the  accuracy of the calculations. 

Structure factors were computed from Roof 's  para- 
meters  using form factors for i +, F- ,  and As (Berghuis 
et al., 1955) and initial temperature  factors BI=BK=BAs 
a n d  BF for ampli tude obtained essentially by a guess. 
The  three fluorine parameters,  the  scale factor, and the 

Table 2. Observed and calculated structure factors 

½Fc* ~Gc 

No. hbl It3 R3m R3 R3m 

1 101 26 26 63 65 
2 110 42 44 103 107 
3 012 40 42 97 103 
4 021 24 25 58 61 

{ 003 --21 --21} 63 62 
5 202 23 22 

{211  1 - - 8 }  36 28 
6 231 --15 
7 300 22 21 55 52 

[ 1 1 3  14 12 I 
123 11 183 184 

8 122 58 52 
132 43 

9 220 35 36 85 88 
10 104 23 23 56 56 

{131  18 19} 63 67 
11 141 18 

/ 303 14 15 } 
305 29 30 

12 312 25 22 133 133 
342 21 
024 30 30 

- -  401~ 2 - - I  5 2 
223 13 11 } 
243 9 

13 042 38 41 174 179 
214 38 42 
234 45 

{ 321 20 1 6 }  58 57 59 
14 551 13 
- -  015% 8 8 19 19 - -  

15 { ~. 3 0 1  110 103 106 

16 . 32 94 109 108 

17 20 48 49 46 

18 I 261 } 89 90 88 

4 96 10~ 05 
42 
37 

19 

20 

410 38 
140 24 
~32 29 
252 25 
205 20 
134 27 
144 24 
051 3 
125 1 
i35 8 
330 38 
006  36 
413 4 
~53 14 
143 13 
i53 4 
502 33 

l0 

10 

35 

two isotropic tempera ture  factors const i tu ted the  vari- 
ables whose most  plausible values we wished to f ind 
from the twenty  observational equat ions by  use of the  
modified normal  equations discussed above. All observa- 
tional equations were given uni t  weight.  All cross terms 
were retained in the normal equations.  Table 1 indicates 
the results of the ref inements  for both  shifts in x. I t  was 
found tha t  the second and succeeding ref inements  could 
be carried out by use of the  usual normal  equations. This 
was possible because the x and y parameters  had shifted 
far enough away from the condit ion y----2x to make  
~G/~x comparable in size with the  other  first-derivative 
terms. The refinements were cont inued ~mtfl changes in 
the parameters  were less t han  0.001. Four  ref inements  
in all were required for each set of parameters.  The 
estimates of errors in the  parameters  given in Table 1 

~I½ are those which result from the least-squares me thod ;  
66 since absorption corrections (/~Cu = 192) presumably 
99 have been neglected by Roof in his reduct ion of the  

102 intensities, these estimates m a y  be optimistic. For  the  
62 sake of comparison, the structure was also refined for the  
62 space group /~3m by use of the usual normal  equations. 

The results of this ref inement  are also given in Table 1. 
46 Since the  structure in R3m with  only a modera te ly  
55 asymmetr ic  temperature  factor on the  fluorine atoms 

would be expected to be compatible wi th  the  structure 
in _R3, it is not  surprising tha t  the  two structures in 

181 Table 1 appear to be equally reliable. 
Table 2 lists some per t inent  data  including the  line 

83 numbers  of Roof and the  final values of G for both  R3 
59 and R3m. The values of 11/2 were derived from the re- 
78 duced intensities given by Roof. The reduction of the  

R factor [~" (I~/2--Gj)]/~,I~ I~ from 0-1.9 to 0.050 m a y  

123 seem surprising in view of the  shifts in the  parameters  
and in view of the fact tha t  the  heavy  atoms are fixed 
by symmetry .  Actually, an R factor of about  0.11 is 

__ obtained here from Roof's structure. Roof obtains 0-19 
because of a few indexing errors (line Nos. 13, 16, 20), 
and because he apparent ly  defines R as [~ (I i -  G~j)]/2 1 i. 

169 ~ J 
Table 3 summarizes the principal bond distances and  

968 

108 111 114 

* For R3 the values of Fc above are for x = 0.138. If 
x = 0.089 then F(hld) is interchanged with F(h ,h+b , l ) .  
For R3m _F(hkl)~ F(f~, h+b,  l) and the common value is 
given above without repitition. Values above are in electrons. 

~f Omitted from the calculation of the R factor. 

As-F ( i )  

F-F (A) 

K-F (h) 

F-As-F (°) 

Table 3. Bond distances and angles 

R~ R~m Roof 
1.80,4,0"05 1.79.4.0.05 1.85 

2.52 2.49 2-58 
-4-0.07 -4-0"07 

2.58 2.57 2.66 

2-81 2.81 2-75 
-4-0"05 -4-0"05 

2.96 2.93 2.93 

88.7 88.3  88.3  

4-2.2 4.2.1 
91-3 91 .7  91-7 

angles which may  be derived from the parameters  found 
here and from Roof's parameters .  KAsF e belongs struc- 
tural ly to a general class of substances typif ied by T1SbF6 
(Schrewelius, 1942) all of which crystallize in the  space 
group R-3m. In view of this it is grat ifying tha t  the  As -F  
distance found for the structure in R3 agrees so well 
wi th  tha t  found for the  structure in R3m. The As -F  
distance may  be given as 1.8010.05/~ regardless of which 
space group is the correct one. 
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The introduct ion of a 'heavy a tom'  into a compound 
often provides a convenient  me thod  of analysing its 
crystal structure. The coordinates of the  heavy a tom can 
generally be obtained from the  Pat terson function, and 
then  it may  be a relat ively simple ma t t e r  to locate the  
rest of the molecule. The m e t h o d  suffers from the dis- 
advantage  tha t  the  presence of the  heavy  a tom results in 
less accurate values for the  atomic coordinates than  are 
usually obtained for a compound containing only like 
atoms. This d isadvantage can be overcome by using, 
instead of the  convent ional  heavy  atom, one containing 
a similar number  of electrons to the  a toms comprising 
the  rest of the  molecule.  Except  for certain cases, such 
as those in which the  compound can be obtained wi th  
varying amounts  of water  of crystallization, this extra  
a tom will be par t  of the  molecule. For  example, in organic 
crystal structure analysis this m e t h o d  can be applied to 
two similar molecules one of which contains an extra  
subst i tuent  atom. 

The two compounds chosen mus t  show a close corre- 
spondence in unit-cell dimensions so tha t  the  atomic 
positions are not  very  different. A comparison of the two 
Pat terson functions will t hen  show whether  the molecules 
not  only have the  same orientat ion but  also occupy closely 
similar positions in their  uni t  cells. I have applied the  
me thod  wi th  success to caffeine and  theophyll ine,  whose 
crystal structures I had  not  succeeded in solving by other 
means. In  this case, the  extra  a tom is the  carbon of the  
me thy l  group, subst i tu ted  in the  f ive-membered ring of 
caffeine (see Fig. 1). The two hk0 Pat terson functions 

CH3 CHs 

l I 

~ N \  (2 / 
CH s \ ~ : /  ~ I ~  CH~'~'.C / ~NH 

(o) o +I H~O ~ (b) +I 

Fig. 1. (a) Caffeine. (b) TheophyHine. 

showed tha t  the  or ientat ion and position of the molecules 
are similar, bu t  indicated tha t  the  plane of the theo- 
phyll ine molecule is more steeply inclined to the  short 
(c) axis. This is to be expected from the unit-cell dimen- 
sions as the c axis shows an increase of 12 % in theo- 
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phyll ine whereas the  a and  b axes are 11% and 8 % shorter  
respectively. 

The difference Pat te rson  introduced by Buerger (I 942), 
and preferably sharpened, is used to locate the  positions 
of the  molecules in the uni t  cell, as this funct ion will 
contain images of the  molecules as seen from the  extra  
atoms. In  the  calculation of the  difference Pat terson,  
terms which are sensitive to the non-exact  correspondence 
of like a toms in the  two compounds are not  included. 
These terms are of two types, first a few reflexions oc- 
curring at  low angles where the  difference in • values 
for the  two compounds is greater  than  can be due to the  
extra  atom, and  secondly, all reflexions occurring at high 
angles where the correspondence between the  observed 
structure ampli tudes is no longer good. Omission of these 
lat ter  te rms causes no errors due to series te rminat ion  
since it is a difference series which is used. 

The difference Pat te rson  (h/c0 projection) of caffeine 
and  theophyll ine,  sharpened and wi th  the  origin peak 
removed,  is shown in Fig. 2 (a). The space group is P21/a , 
which has four general positions, and therefore this func- 
t ion represents sixteen images of the  molecule as seen 
from the four extra  a toms wi th  each of the  four molecules 
in turn. These sixteen images const i tute four sets of four 
molecules related by the  space-group elements,  and the 
choice of one such set fixes the  molecule wi th  respect to 
one of the  origins in this projection. The location of a set 
proved to be comparat ively easy: the obvious start ing 
point  was the  molecule s i tuated wi th  the  extra  a tom on 
the origin of the  difference Pat terson.  Posit ive regions 
could be obtained for the  major i ty  of a toms and the  
orientat ion of the  s ix-membered ring agreed wi th  tha t  
obtained from the  ordinary sharpened Pat te rson  func- 
tions of both  caffeine and  theophyll ine.  By  a process of 
trial and  error lasting less than  half a day, three  other 
molecular positions were found satisfying the  space- 
group symmet ry  and  placing as m a n y  atoms as possible 
on positive regions. These four positions are shown in 
Fig. 2 (a). Of the  remaining maxima,  those marked  wi th  
crosses are the  only ones compatible wi th  the  positions 
for the  water  molecules forming hydrogen bonds. More 
accurate coordinates for this water  molecule were ob- 
ta ined from the first Fourier  ref inement  and  it is these 
coordinates which are marked  in Fig. 2(a). Spurious 
max ima  occur, due to the  non-exact  correspondence of 
like a toms in the  two compounds,  but  there  are very few 
peaks which have not  been used. At  present  both  struc- 
tures have R factors below 20% and ref inement  is pro- 
ceeding. 
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